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Abstract—The ability to rapidly select an optimal subset
of sensors is of critical importance in massive multi-sensor
target tracking. Various information metrics exist for selecting
the subset of sensors that is most informative with respect to
the target being tracked. Moreover, information bounds were
proposed as approximate metrics in order to speed up the
selection algorithms. In this paper, we provide an analysis on the
information loss and its impact on the subset selection problem
when employing an information upper bound instead of the exact
mutual information metric. We design several greedy sensor-
selection algorithms that sequentially evaluate the exact mutual
information between a set of sensors and the target. Subsequently,
we compare these algorithms with a sensor-selection method that
employs an information upper bound and highlight situations
where the latter finds sub-optimal solutions.

Index Terms—mutual information, information upper bound,
sensor selection, Kalman filter, submodularity.

I. INTRODUCTION

Technological advances in sensor systems have increased
the controllability and adaptability of sensing devices, with
many commands being controlled autonomously. Indeed,
many developments in networked systems and autonomous
vehicles have led to configurable networks of sensor systems.
More and more new types of sensors are emerging, with device
technologies and system architectures that lend themselves
to adaptive operation, such as the Internet of Things. This
need for decision making is primarily driven by resource
constraints, such as energy, bandwidth and processing power.
Therefore, decision systems are needed to optimise resources,
i.e., to maximise a specific performance criterion under given
resource constraints.

In our work, the choice of the performance criterion, or
utility function, is driven by:
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o The need to quantify the precision of the posterior dis-
tribution for a specified action. This is in contrast with
methods that only consider second-order moments, e.g.,
variance.

o The need for a measure that is agnostic of the filtering
algorithm used to compute the posterior distribution.
Given these specifications, information theory has emerged as
a suitable framework [3]. Indeed methods based on Fisher
information, entropy or mutual information are good tools that

address both needs.

Sensor management has been the subject of a number of
approaches based on information theory, see e.g., [1], [2]. In
[4], the authors have stated the general problem of sensor man-
agement within the stochastic control framework. [5] explored
a number of information-theoretic approaches to sensor man-
agement. These include various ways of modelling information
gain using statistical divergences. They also provided links
to risk and classification. [6] compared different divergence
measures for sensor management applied to target tracking.
[7] extended [4] for the multiple target tracking problem
and used Rényi divergence. [8], [9] proposed information-
theoretic approaches applied to multiple sensor control. [10],
[11] proposed sensor selection methodology for multi-target
multi-sensor tracking and ocean-of-things. More recently, [12]
used tools from network coding theory to compute the mutual
information between random sets of targets and sensors.

In this paper, we focus on the problem of a single target ob-
served by multiple sensors. We propose an exact and efficient
scheme for computing the mutual information between a target
and a set of sensors for linear Gaussian models. We provide
greedy algorithms that optimise our mutual information metric
and compare their efficiency to an exact maximisation of a
mutual information upper bound.

The paper is organised as follows. In the next section we
describe the technical problem; we present our approach and
highlight its difference from related work. In Sec. III, we



derive the sequential computation of our objective function
(2) and give its analytical expression in two specific cases. In
Sec. IV, we exploit the properties of (2) to design an algorithm
tailored for maximising the proposed information metric.
Finally, Sec. V describes simulation results that demonstrate
the usefulness of our method.

II. PROBLEM FORMULATION

Let (Xi)r>0 be a sequence of hidden random variables,
where X; € R%; at each time step, S sensors produce
measurements (Y3 x, - ,Ysk), Ysr € R, The general
filtering problem is to estimate, at each time step, the posterior
distribution of X} given the past observations. However,
in power-constrained applications, activating all sensors is
impractical in reality, mainly due to the resources required.
Furthermore, for large sensor networks, the small gain ob-
tained by incorporating data from additional sensors can be
overshadowed by the computational overhead of processing
them. Consequently, at each time step k, the objective is
twofold:

(i) select a ng-size subset of sensors and collect their mea-
surements yn, = (Yi,, - , Yn, )» where n;, describes the
indices of selected sensors, i.e., ng = {i1, - ,in, };

(ii) update the posterior distribution p(zg|yn,.,), Where
Ynoe = (ynoa T 7ynk)’ from p(xk71|yn0:k_1)- In hid-
den Markov models, this problem is well-known and is
solved by the Kalman filter in the linear and Gaussian
case [15], or by approximate methods, such as, the
Extended Kalman Filter (EKF) or sequential Monte Carlo
methods [16], [17].

In this paper, we focus on problem (i), which consists in
selecting the best subsets {ny, },>o according to a performance
criterion. To that end, we focus on mutual information. In
this context, it quantifies the amount of information that a
set of observations provides about the hidden variable. More
precisely, the mutual information between X and a subset
of observations Yy, , conditionally on the past yo.n, ,, IS
denoted as Zy|x—1(Xx; Yy, ) and is defined as

Tiji—1(Xx; Yn,) =
p(Xk7 Ynk ‘yno:k71)
E ( log
p(Xk|yn0:k—1 )p(Ynk |yn0:k—1)

Note that (1) is an expectation with respect to the pair
(Xk, Yy, ) and coincides with the Kullback-Leibler diver-
gence between the joint distribution p(z, ¥n, |Yno.,_,) in the
original model and that in a model where the considered subset
of observations at time k£ would be conditionally independent
of Xj. Consequently, (1) tends to be close to zero when
the two distributions are close, i.e., when the observations
do not impact the predicted distribution, so p(zk|yn,,.) =
P(Zk|Yng,,_, )- In order to maximise (1) w.r.t. ng, we introduce
the network information function

o

yno:k—1> . (1)

ny, € P(A)\ {0} = L1 (Xk; Yny) @)
00

where P(A) is the power set of A = {1,2,---,S}. Finally,
problem (i) is equivalent to maximising v, for all £ € N,
under the p-cardinality constraint, i.e,

maximise vy (ny)
ny€P(A) (Pk)
subject to  |ng| <p

where |ng| denotes the cardinality of nj. Mutual information
driven subset selection has been studied previously in [18],
[19]. However, they did not provide an efficient computational
scheme. In fact, [18] only studied the performance guarantees
of different optimisation schemes, but did not provide an effi-
cient means of computing mutual information. [19] provided
a sampling algorithm to compute the conditional entropy of a
candidate subset, but limited its application to fully specified
graphical models.

In [13] an upper bound of (2) was derived and optimised.
Its advantage is that it can be exactly maximised in .S function
evaluations. However, using this upper bound as an objective
function can lead to some problems, as it does not take into
account the complementary information between the selected
sensors, as we will show later. In addition, the proposed
optimisation scheme may not be optimal due to the theoretical
properties of such an objective function. Finally, [14] uses
a Monte Carlo estimator of the mutual information, but the
complexity of their computational scheme grows exponentially
with the number of sensors.

We propose a computationally inexpensive method that is
able to take into account complementary information from
different sensors and, as a result, dynamically select the most
informative subset of sensors more accurately. Rather than op-
timising an upper bound of mutual information, our approach
amounts to suboptimally maximise an exact computation of
mutual information. To make it practical, it is necessary to
derive a method to compute vi(ny) with linear complexity
with respect to ny and integrate it into an optimisation scheme.
To this end, we first show that, at a given time k, our objective
function vg(ng) can be computed sequentially from any set
of cardinality ng — 1 included in nj. In particular, we give
its analytic expression in the linear Gaussian case and its
approximated version in the non-linear Gaussian case. We then
provide sequential optimisation algorithms that take advantage
of this sequential computation and the properties of our metric.
In Sec. V, we demonstrate the approach in simulations on
different scenarios.

III. MUTUAL INFORMATION FOR SEQUENTIAL SENSOR
SUBSET SELECTION

In this section, we show that vi(n},) can be computed from
vk (nyg), where ny is a subset of sensors of cardinality 1y —
1 included in nj,. Without loss of generality, in this section
we consider the static case; thus, we drop the time index k
and focus on computing the mutual information between a
r.v. X and a set of observations Y,, = (Y7,---,Y,,) from that

between X and Y,,_1, where p(z,y,) = p(x) [] g:(v:|z).
i=1



Starting from

I(X;Y,)=E <1Og (]m>> ’

it can be deduced from the factorization of p(x,y,) that

In other words, the computation of Z(X;Y,) relies on that
of Z(X;Y,,), which can be computed at a fixed computational
cost, and that of Z(Y;,;Y,_1), which involves an n-fold
integral that is intractable for large sensor networks. Ignoring
the latter term leads to the the Mutual Information Upper
Bound (MIUB), defined as

MIUB(X,Y,,) ZIX Y;) 4)
which has been maximised in [13], [14]. This approximation
allows for a fast, i.e., linear-complexity with the number of
sensors, evaluation of a sensor subset. However, we point
out that ignoring Z(Y,,; Y,,—1) can lead to significantly sub-
optimal strategies, both from a theoretical and an experimental
point of view. Indeed, it has the disadvantage of not taking into
account the complementary information that different sensors
can provide.

A. Mutual information for linear Gaussian sensors

Here we present an exact computation of the network
information in the linear Gaussian case. The prior and
the likelihood satisfy p(z) = N(z;pz, Zz)s gn(ynlz) =
N (yn; Hyz, X,), where N (z; 1., 3, is the probability den-
sity function of the Gaussian distribution with mean p, and
covariance matrix X, taken at point z. In this particular case,
all the distributions {p(y|y;—1)}e<i<n and {p(z|yi)}1<i<n
are Gaussian and their densities can be derived from the
above assumptions and classical results on Gaussian dis-
tributions [20]. In particular, the key observation is that
E(log(p(Yn|yn—-1))|yn—1) does not depend on y,,_1, so we
have the following result.

Proposition IIL.1. Assuming that all sensors are described by
the linear Gaussian model above, and starting from a subset
n = {iy,ia, - ,in—1} with an arbitrary ordering of elements
and corresponding network information v(n), the network
information value of the subset n’ = nU {i,}, Vi, € A\ n,
is obtained as

1 det(%, + H;, P, H;
v(n’):v(n)+log< et{ det(E-’) ")> ., %

where P, satisfy
% Pn— ) 0;
=(I - H;, ) 1, VN> ©)
1 0= 2

~ —1
and K,, = P, _ 1H (EM Pn_lH;> , for n > 0.

Sketch of proof. Starting from (3), we just need to show
that Z(X;Y,) — Z(Ya; Y1) = E(log(p(YanlX))) —
E (log (p(Y,|Y,—1))) coincides with the incremental term
in (5). Let us note that p(y,|y,—1) can be sequentially
propagated from

P(Ynlyn-1) = /p(ynlw)p(wlyn—l)dx,

n—1

IT p(yi|x)p(x)

i=1

J jli[jp(yilw)p(x)dx

p(xlyn-1) =

Next, classical results on Gaussian distributions [20] ensure
that

p(@lyn-1) = N (@ n_1, Pa_1)
p(yn|yn71) = N(yn7 Hn{fﬁnflv En + HnPnle;{)
where mg = iz, Py=1Y, and recursively for i =2,3,...,n
mi—1 = Mi—2+ K(yi-1 — Hi_1m;_2),
P1 = (I-KHi1)P»,
K = -ﬁi72H1‘Tf1(2i71 + Hi7115i72H£1)_1~
Consequently,

det (En + HnﬁnH,?)
(27)dn

~E (log (p(Y[ Ya1))) = 3log

+% /(yn_ffln—l)(En'i_HnPn—ng)_l(yn_ﬁln—l)Tp(dyn)-
The above integral is taken with respect to y, =
(y1,y2," - ,yn). However, after first integrating with respect
to Yy, it follows from Lemma A.1 (in the Appendix) that the
result does not depend on y,,_;. Second, after integrating this
result with respect to the remaining variables y,,_;, we have

—E (log (p()/n|Yn—1))) =
1 (et (So+ HPHD)Y g

=1 —.
2 8 (27)dn Ty
Similarly, we get:
1 (27)d dy
B (og (1, 1)) = 5108 (g5 ) - 5
whence (5). O

Note, that the specific forms of the equations (5) and (6) are
amenable to a linear complexity implementation with respect
to n. In particular, by storing the intermediate results of v(n)
and P,,_, we can evaluate v(n’) for all n > 0 by performing
(6) once and adding the respective information gain to v(n).
This fact is exploited by our greedy sensor selection methods
presented in Sec. IV.



B. Mutual information for non-linear sensors

We now see the non-linear measurement model. In this
case the likelihood becomes g, (yn|z) = N (yn; hn (), Zn),
where h,, is a non-linear function (e.g., in range or bearing
measurements), the idea is to linearise h,, around p as in EKF-
based approaches. To that end, the matrix H,, in Prop. IIL.1 is
replaced by
Oh,
ox

T=pg

H, +

where the derivative is evaluated at p.

Note that more sophisticated approximations could be de-
veloped, but this is beyond the scope of this paper and our
focus is more on the theoretical properties of our network
information function.

IV. SEQUENTIAL NETWORK INFORMATION MAXIMISATION

In this section, we present the model of our optimisation
framework. The basis of our approach is to sequentially add
relevant sensors to build our subset solution. More precisely,
if we denote by S”k our solution to the problem (Py), we seek
a sequence (Gn)i<n<ng, Gn € A = {1,---,S}, such that

. n
St = U {an}. In this framework, an optimisation scheme is

speciﬁ%d by a particular choice of (a,,). The advantage of our
fixed cost sequential computation is that the cost of evaluating
vk in (2) remains the same as we add sensors to S’k.

Problem (Py) is NP-complete [21], [22]. Although any
proposed solution to an NP-complete problem can be verified
in polynomial time, there is no known algorithm capable of
finding an optimal solution in polynomial time [21]. However,
for a monotone and submodular objective function, greedy
algorithms have a good approximation ratio [19], [23], [24].
In Sec. III-A we discuss two key properties, monotonicity and
submodularity, that ensure the behaviour of an optimisation
scheme associated with our network information function.
Next, in Sec. III-B we discuss the optimisation schemes, which
consist of two greedy maximisation algorithms.

A. Monotonicity and submodularity of network information

We first introduce the monotonicity property.

Proposition IV.1. The network information function vy, in (2)
is monotone, i.e., for all (U, V) € P(A) x P(A) such that
ucVv, ’Uk(U) < ’Uk(V).

A proof of this result can be found in [19]. This property
is particularly useful when we are looking for the best subsets
of cardinality at most equal to p, since it guarantees that the
best subset is necessarily of cardinality p. Hence, we now set
ng = p, for all kK € N.

A second property is the submodularity and its proof can
be found in [19].

Proposition IV.2. The network information function vy, in (2)
is submodular, i.e., for all (U, V) € P(A) x P(A) such that
U C V and for all a such that a € A\'V, vp(U U {a}) —
ve(U) > v (V U{a}) — v (V).

The network information function (2), as a reward function,
can be interpreted as the function that maps some benefit to
a particular choice of subset of sensors. The submodularity
property then ensures that adding sensors has a decreasing
marginal benefit. Finally, this property will lead us to propose
a suboptimal selection strategy, as we will see later.

B. Maximisation algorithms

We now focus on the problem of maximising vy in (2). Note
that, unlike (4), the computation of Z(X;Y,,) relies on the
quantities computed for that of Z(X;Y,,_1). Thus, v; cannot
be maximised directly, and so we discuss two strategies, the
vanilla greedy and the randomised greedy approaches, both
of which produce approximate solutions with O(Sp) function
evaluations. We assume that we have already chosen a subset
of cardinality n — 1 and the objective is to include the n-th
sensor, for 1 < n < p.

1) Vanilla greedy approach: This strategy consist in choos-

ing each a, as the element of A \ {aj,---,a,—1} that
maximises the immediate reward,
Gn, = argmax v({a} U&,_1) — vi(an,_1) @)

a€A\a, 1

where &,,_1 = {a1,- - ,dn—1}. As shown in [19], [23], [24],
for a monotone and submodular function, the previous greedy
strategy has a good approximation ratio. More specifically,
since v, is monotone and submodular, the solution returned
by the vanilla greedy algorithm achieves a tight 1 — 1/e
approximation guarantee [19], [23], [24].

2) Randomised greedy: For the second strategy, since in
our problem there is no guarantee that a locally optimal
choice coincides with a globally optimal choice, we introduce
randomness into the previous scheme. We thus consider the
immediate reward as a preference for a possible choice of a,,;
so at each step, we sample

én ~ P(an = a)

where P(a,, = a) is defined as a soft-max distribution

P(a, = a)

~ exp (v ({a}Ua,—1) —vg(a,-1)),ifa € A\ &,
0, otherwise

and > P(a, =a)=1.
a€A

V. SIMULATION STUDY

In this section we discuss the previous maximisation al-
gorithms from an experimental point of view. We consider
different sensor configurations and the selection of sensors
is based on the aforementioned algorithms. In addition, we
compare our approach with the direct maximisation of the
MIUB:

;. e € P(A)\ {0} = MIUBgj—1 (Xg; Ya, )



where MIUBg g —1(Xk; Yn,) = > Zpp—1(Xk; Yi). More
i€eny
specifically, we first consider two static cases to illustrate the

advantages and limitations of our solution. We then consider
a dynamic scenario to illustrate the benefits of our approach
in terms of tracking accuracy.

A. Static linear scenario

In the first simulation study, we consider a linear static
scenario. A Gaussian r.v. X ~ N (pz, X,), where

~10 20 0 0 0
o] g [0 200 0 0
Pe=1_10]1"**= 1 0 0 200 0
10 0 0 0 200

is observed by S = 200 sensors. The sensors are separated
into two classes: A and B. The first 100 sensors (class A) are
described by g, (yn|7) = N (yn; Hpx, B0,

100 0 a? 0
H”_(o 10 0)’2”_<0 02)’

K2

where o7 ranges from 3.20 to 23.0 with 0.2 increments. The

other 100 sensors (class B) are described by:
0 010 o2 0
H"_<O 0 0 1>’E"_<O af)’

where o2 ranges from 4.0 to 53.5 with 0.5 increments. The

200 sensors are identified by their ID: “A;” or “B;” where
1 ranges from 0 to 99. The optimisation task is to select the
subset of cardinality p = 5 that maximises vy.

TABLE I
INFORMATION VALUES (IN NATS) OF THE SOLUTIONS RETURNED BY THE
THREE SELECTION ALGORITHMS IN THE FIRST SCENARIO.

Selection algorithm mean | var | max | min
True maximum value | 9.74
Vanilla greedy 9.74 . . .
Randomised greedy 7.58 | 041 | 935 | 479
MIUB strategy 5.64

Note that given a sensor class (A or B), the sensors can only
be distinguished by the variance of their noise. Since each sen-
sor class provides information about mutually exclusive parts
of the target state, we can expect the best subset of sensors
to coincide with {Ag, By, A1, B1, A2}. Indeed, an exhaustive
search of all possible configurations of size five ensures that
this is the subset that maximises mutual information.

We compared three different strategies. The first two are our
vanilla greedy and randomised greedy strategies. The third one
is the direct maximisation of v}, in (8), which we call MIUB
strategy. This maximisation can be achieved exhaustively in S

function evaluations, since max MIUB(X; (Yy)vev)
VEP(A)|VI<p
coincides with {vy, - - , v, } whose elements give the p highest

values of {Z(X;Y,)}aca.

The mutual information values corresponding to the solu-
tions found by the three strategies are reported in Table V-A.
For the randomised greedy strategy, the results were averaged

i sensortypeA * AO B
sensor type B 400 0
B target
200 4
Aq
T T © T T —
—-400 —-200 200 400 A3
—200 A
-400 A
By Az ®

Fig. 1. Sensors and target positions in the second scenario.

over 10% trials, and we also report the mean, minimum and
maximum of the mutual information values in Table V-A.
We can see that vanilla greedy succeeds in finding the
optimal solution in this setting. In fact, it identifies the best
sensors, i.e., those with low noise variances, and the right
combination of both types of sensors. Randomised greedy
gives a slightly worse solution, which is to be expected since
it has to perform five random sampling steps. However, most
of the subsets returned contain both types of sensors, which
is to be expected since it uses the same mutual information
calculation scheme as vanilla greedy. The third strategy fails to
identify a good sensor synergy. In fact, the mutual information
upper bound does not take into account the complementary in-
formation provided by different sensors, as highlighted in Sec.
II1. It identifies the subset { Ag, A1, A2, A3, A4} as maximising
the mutual information. This subset is actually made up of the
sensors that have the lowest noise variances and are therefore
the most informative sensors when considered individually.

TABLE I
INFORMATION VALUES (IN NATS) OF THE SOLUTIONS RETURNED BY THE
THREE SELECTION ALGORITHMS IN THE SECOND SCENARIO.

Selection algorithm mean | max | min
True maximum value | 2.20
Vanilla greedy 2.04 . .
Randomised greedy 2.02 | 220 | 1.42
MIUB maximiser 1.52

B. Static non-linear scenario

We now consider a non-linear static scenario. The distribu-
tion of X remains Gaussian with

(0 v 200 0
Ha=R0)> == 0 200
and is observed by six range-only sensors, so
hiw) = /(02 = p1)2 + (py — 12 ©)

where p, and p, are first and second coordinates of ji, and
(pl, p;) the position of the i-th sensor. Again, we consider two
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Fig. 2. Histogram of information values returned by the randomised greedy
strategy in the second scenario.

classes of sensors, those with a standard deviation of o4 =
25.0m (class A) and those with a standard deviation of o =
20.0m (class B). The first four sensors belong to class A,
{Ap, A1, As, A3}, and are located at

(ngpg) = (0,500), (p;pgl,) = (=500, 0),

Finally, the two class B sensors, { By, By}, are positioned at

44\ _ 5 .5\
(P> p,,) = (500,500), (p;,p,) = (=500, —-500).

The positions of the target and the sensors are given in Fig.
1. The optimisation task is to select the subset of size p = 2
that maximises vy.

In this setting, the parameters that affect the mutual infor-
mation for a given subset of sensors are their position and
their noise variance. In fact, the optimal sensor configuration
forms a 90 degree angle with respect to the observed target
[25].

As can be seen in Fig. 1, only the pairs
{Ag, A1},{A1, Ao}, {As, A3}, {A3,Ap} form an angle
of 90 degrees with respect to the target. However, these
sensors have the highest noise variances. The optimal pair
of sensors is therefore a compromise between well placed
sensors and sensors with low noise variance. In fact, due
to the symmetry of the experimental setup, there are only
four different information values. The pairs of sensors of
type A forming an angle of 180 degrees with the target,
e.g., {Ao, A2}, have the lowest information value v, = 1.42
nats. The pair of sensors of type B forming an angle of
180 degrees with the target, i.e., {Bo, B1}, has the second
lowest information value vy = 1.52 nats. The pairs of sensors
of type A and B, e.g., {Ag, B1}, have the second highest
information value v, = 2.04 nats. Finally, the pairs of sensors
of type A forming an angle of 90 degrees with the target,
e.g., {4, A1}, have the highest information value v;, = 2.20
nats.

LI

+ fist-tier variances sensors
second-tier variances sensors

+ last-tier sensors positions
=== ground truth target trajectory
=250

=500

=7501

—1000 1 * * * * * . * o+ -

—1000 =750 —500 -250 0 250 500 750 1000

Fig. 3. Sensors and target positions in the third scenario.

Again, we compared the three previous strategies. For the
randomised greedy strategy, we ran the experiment 10* times
and computed the average, minimum, and maximum of the
mutual information values. The results are reported in Table
V-A. We can see that vanilla greedy succeeds in finding the
second best information value in this configuration. Since it
works sequentially, it first selects sensor B and then searches
the remaining sensors to find the one that gives the highest
information value, i.e., A;. However, the MIUB strategy
identifies { By, By} as the most informative subset. As in the
first study, it fails to identify the good combinations of sensors.

Randomised greedy gives a comparable average infor-
mation value to the vanilla greedy strategy. However, it
succeeds in finding one of the four optimal solutions,
{Ap, A1}, {A1, Ao}, {As, A3}, {As, Ao}, as shown in the his-
togram in Fig. 2. The reason for this is that during the first
iteration of our maximisation procedure, the algorithm is more
likely to choose By or B than one of the A sensors. If it
chooses By or B, then it is significantly more likely to choose
one of the A class sensors than the other B class sensors.
Similarly, if it chooses an A class sensor, it is significantly
more likely to choose a B class sensor or an A class sensor
that forms a 90 degree angle with the target than an A class
sensor that forms a 180 degree angle. Thus, if it does not
make a locally optimal choice in the first iteration, it will in
most cases make an optimal choice in the second iteration.
This behaviour is illustrated by the strong asymmetry of the
histogram in Fig. 2.

C. Dynamic scenario

We finally consider a non-linear dynamic scenario. At time
k, the state vector of a single target is given by X =
(pf,p¥,vi,v¥) ", where pf and p¥ are the position coordinates
and v} and v} are the velocity coordinates. The initial state
is po = (=750, 750, 10,—10)T and we generate a random
trajectory from

X1 = F Xy + Uy,
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where Uy is an independent white Gaussian noise, U, ~

N(0,Q) with

10 01 0
01 0 o1
F= 00 1 0]
00 0 1
and
2.5e 7 0 5.0e 6 0
Q= 0 2.5e7" 0 5.0e ~°
| 5.0e° 0 1.0e % 0
0 50e 6 0 1.0e %

We have S = 80 sensors that can observe the range of the
target (see (9)). They are equidistantly placed on a square
described by the coordinates (—1000, 1000), (—1000, —1000),
(1000, —1000) and (1000,1000), see Fig. 3. Their noise
variances are uniformly sampled in the range [400, 1000] m?.
The goal is to select p = 2 sensors at each time step. Once they
have been selected, the tracking is ensured by an Extended
Kalman Filter.

The previous three selection strategies are used at each
time step k to select the most informative sensor pair. To
measure the impact of the selection algorithm on the quality
of the tracking, we compute the mean distance (MD) between
the ground truth target positions and the filter estimates of
the corresponding time. The results are shown in Fig. 4.
We can see that the vanilla greedy strategy outperforms the
MIUB in this setting. This gain is due to our information
metric. The MIUB metric overcounts information, it combines
too much redundant information and it does not explore the
complementarity between sensors. We can see that in this
configuration, the randomised strategy gives the worst result,
which is to be expected given the very large number of sensors.

In order to discuss the relevance of the solutions obtained
with the three strategies, in terms of mutual information value,
we compute an oracle solution using an exhaustive search. For
each strategy and at each time step, the oracle calculates the
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Fig. 5. Average information value of the pair of sensors selected by the vanilla
greedy strategy in the third scenario. The average maximum information value
is displayed in orange.

maximum mutual information value so that we can compare
it with the value returned by the selection strategy under
consideration. Note that the filtering is not updated with the
measurements associated with the oracle, so the oracle depends
on the chosen strategy. The results are displayed in Figs. 5,
6, 7. The decreasing trend of the information curve over time
for the three strategies is consistent with the fact that tracking
reduces uncertainty about the target state. In Fig. 5, the vanilla
greedy and oracle curves are almost identical. It shows that
vanilla greedy successfully identifies the most informative pair
of sensors. Fig.6 showcases the difference between the infor-
mation curves corresponding to the randomised greedy and
the corresponding oracle strategy. On average, the randomised
greedy strategy fails to identify the most informative sensor
pair. In Fig. 7, we see that both curves are identical for the first
iterations of the filter. However, as time passes, the discrepancy
between the maximum information value, i.e., the oracle, and
the information value of the sensor pair identified by the MIUB
strategy increases. This can be explained by the fact that EKF
filtering reduces the second order uncertainty of the hidden
state over time. Therefore, sensors with low noise variances
(which are typically selected by MIUB) are less advantageous
in this case. Instead, complementary combinations of sensors
(as captured by the network information metric) lead to better
target estimates, as shown by the much closer fit of the vanilla
greedy algorithm to the oracle in Fig. 5.

VI. CONCLUSION

This paper explores the use of mutual information to
facilitate sensor selection for estimating a target from mul-
tiple sensors. Much previous work on information-theoretic
sensor control has typically focused on the selection of a
single sensor or has used approximate metrics that do not
take into account sensor complementarity. In this paper, we
propose a network information metric that takes into account
sensor complementarity and analyse this metric in several
sensor selection scenarios. We highlight regimes where using
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Fig. 6. Average information value of the pair of sensors selected by the
randomised greedy strategy in the third scenario. The average maximum
information value is displayed in orange.
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Fig. 7. Average information value of the pair of sensors selected by the
MIUB strategy in the third scenario. The average maximum information value
is displayed in orange.

the approximate metric leads to suboptimal solutions, while
greedy maximisation of our network information metric leads
to superior performance.

APPENDIX

In this appendix, we state the lemma used in the proof of
Prop. 1II.1

Lemma A.l. Let X be a random variable with probability
distribution Px such that B(X) = p and V(X) = P. Then,
for any covariance matrix Q:

E((HX —b)"Q(HX —b)) = Tte(QHPHT)
+(Hp—b)"Q(Hp —b),
where Tr(M) denotes the trace of matrix M.
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